The measurement of liner impedance with flow is a very difficult problem especially when the liner is not a simple single degree of freedom (SDOF) liner. To bypass the problem of knowing the acoustical propagation inside the liner, a method called "eduction method" has been developed at NASA; the propagation of sound inside a 2D lined duct is computed through a finite elements method, with the assumptions of uniform flow and of acoustical displacement continuity over the liner. An inverse method is then used to determine a value of the impedance that minimizes the discrepancy between predicted and measured acoustical pressure at some characteristic points. We propose a new multimodal method (MM) to compute the propagation in a 2D lined duct with flow. The basis of this method is to project the propagation equations on a complete basis of functions. Then the transmission and reflection matrices can be computed easily. One advantage is that the MM is quicker than a finite elements method. The axial boundary conditions in the MM are exact and easy to implement. Furthermore, the effect of the boundary layer of the main flow can be taken into account. The numerical results are compared to experimental results measured in a set up with a rectangular section. An inverse method is used to find the best fit of impedance.
Introduction

S
everal methods are available to measure the acoustical impedance of a liner with flow. The more commonly used is the so called "two microphones method".
1 This method can be used when a resistive layer is backed by a cavity usually filled with honeycomb. But when the liner is not a SDOF liner and especially when there is some porous material inside the liner this method is difficult to apply.
To bypass the problem of knowing the acoustical propagation inside the liner, a method called "eduction method" has been developed at NASA. 2 The propagation of sound inside a 2D lined duct is computed through a finite elements method, with the assumptions of uniform flow and of acoustical displacement continuity over the lined section. An inverse method is then used to determine a value of the impedance that minimizes the discrepancy between predicted and measured acoustical pressure at some characteristic points. The measurement method implies the use of a traveling microphone on the wall opposite to liner.
The method developed in this paper is based on the same approach of indirect measurement but the propagation is computed by a multimodal method (MM) where the acoustic field is projected on a complete basis of function: the hard wall eigenfunctions. For the measurement, the scattering matrix of the lining wall is measured and the wall impedance is deduced by an inverse method from the calculation of this matrix by the MM. The problem of the acoustical propagation in a 2D lined channel with uniform flow is considered (see Fig. 1 ). Without incident vorticity, the displacement potential φ obeys to a convective wave equation
Multimodal Method
where the convective derivative is :
with Ω = 2πf H/c 0 , f being the frequency, H the height of the channel and x and y are made dimensionless by H. On the rigid walls, the boundary condition is written ∂ y φ = 0 and on the lined wall the boundary condition, coming from the continuity of transverse acoustical displacement at the wall, 3 is
where Y is the wall admittance. The displacement potential φ is used here because of the regularity of this variable near an abrupt change in wall admittance Y contrarily to the pressure p = −D 2 t φ which is singular in this case. 4 The potential φ is projected on the complete basis of functions Ψ n (y) which are solutions of the equation (1) in the rigid channel. Thus, φ can be written:
or, in vectorial notation, φ(x, y) = Ψ(y)Φ(x). The Ψ n (y) are given by
where α n = nπ and Λ n = √ 2 for n = 0, Λ 0 = 1. The Ψ n (y) basis is then orthonornal.
The axial wavenumbers in the rigid channel (Φ n (x) = e −KnΩx ) are
Projecting equation (1) on the same basis leads to
where the matrices C L and A are given by Upstream of the lining (x < 0), the order n component of the vector Φ can be written:
Downstream of the lining (x > L), the order n component of the vector Φ can be written:
In the lined part (0 < x < L), The equation (5) is written:
with
The equation (6) can be rewritten as
where Π = dΦ/dx, 0 and I are the zero and identity matrices. By computing the eigenvalues λ m and the eigenvectors X m of the matrix in Eq. The vector Φ in the lining can be written:
where X ± is the matrix composed of the part of X ± related to Φ and E ± (x) is the matrix which diagonal terms are exp(−jK
The vector Π is :
where K ± Y is the matrix which diagonal terms are K ± Y m . The amplitude of the incoming and outcoming waves at
To avoid divergence problems related to evanescent modes, the propagation in the lined zone is described with A 2 and B 3 .
The continuity of Φ and Π at x = O and x = L leads to
and
The amplitude of incoming waves projected on the rigid wall eigenfunction basis A 1 and B 4 are linked to the amplitude of outcoming waves A 4 and B 1 by a scattering matrix defined by:
where S = T r R t (10) which can be found from equations (8) and (9). By knowing the matrix S and the acoustical loads of the system (typically the impedance downstream end the acoustical source upstream) the entire acoustical field could be easily computed. As an example, a calcu-
Fig. 3 Pressure field computed by th Multimodal Method
lation of the pressure field is made for the following parameters: H = 15 mm, L = 100 mm, f = 700 Hz, M = 0.3, impedance of the wall 0.5 − 1.035j, 100 modes are taken into account, amplitude of the incoming wave is 1. Somme discontinuities in the pressure field occurs near the abrupt impedance change at the wall. Such discontinuities do not appear in the field of displacement potential.
Validation of the method
The Multimodal Method has been compared to the numerical results of Zheng and Zhuang and to the experimental data from the Flow-Impedance Test Laboratory of NASA Langley Research Center.
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For this calculation the height of the channel H is equal to 2 inches and the length of the lined zone is equal to 16 inches. The impedance of the wall is equal to 0.41 − 1.56j at 500 Hz and to 0.69 − 0.24j at 3000 Hz. The absolute value of the pressure on the hard wall opposite to the liner is computed and compared to the result of Zheng and Zhuang on Figure 4 . Without flow (Fig. 4(a) ), the two computations give nearly the same results. With flow (Fig. 4(b) ), some discrepancies occur between the two calculations but it appears that the Multimodal Method results are closer to the experimental results.
It could be concluded that the Multimodal Method gives good results and is much more quicker than other 
Experiment
Experimental set-up
The schematic description of the experimental setup is given in Figure 5 ). The flow source is a compressor Aerzen Delta blower GM10S which can provide a flow rate up to 0.15 m 3 .s −1 . The flow rate is measured with a flowmeter ITT Barton 7402 (diameter = 50 mm). The linear range of this device is 0.03 to 0.157 m 3 .s −1 . This flowmeter is associated with a measurement of the absolute pressure and of the temperature in order to deduce the mass flow rate.
The air flows in an anechoic termination situated upstream of the acoustical measurement zone. This termination is made of a tube perforated in a non uniform way in order to avoid any reflection of the waves coming from the measurement zone. The tube is cover with a resistive screen and enclosed in a volume to avoid any leakage. The acoustical source is made with two loudspeakers and two compression chambers allowing an acoustical level of 140 dB in the measurement zone over a wide frequency range (70-3000 Hz). Downstream of the measurement zone, another acoustical source and another anechoic termination are found.
The acoustical measurement zone is rectangular (15 mm × 100 mm). This zone is made of iron plates (10 mm × 140 mm) screw to smaller plates (15 mm × 20 mm). The internal roughness of this channel is very small. The duct is 2 m long upstream of the 4 microphones to allow a fully developed turbulent flow. The temperature is measured by two sensors located on both side of the lined sample.
The acoustical pressure measurement is performed with two series of four microphones u i et d i (microphones B&K 4938 (1/4"), preamplifier B&K 2670 with Nexus). Those microphones are located at the positions: x u1 − x u2 = x d1 − x d2 = 63.5 mm,
The use of 2×4 microphones allows an overdetermination of the transmitted and reflected waves on both side of the sample and avoids the problems in the precision of measurement when half of the acoustical wavelength is close to the distance between two microphones. The microphones are mounted flush to the wall to avoid any discontinuity.
The microphones signals are discretized by an acquisition system HP 3565. This system is used in sweep sinus mode and an average is made over 1000 cycles of the signal. The system drives the acoustical sources on both side of the two set of microphones.
Measurement Method
The aim of this experimental apparatus is to measure the scattering matrix in pressure for the plane waves of the lined wall with mean flow. The scattering matrix for the plane waves S * relates the scattered pressure amplitudes p 
where T + and T − are the anechoic transmission coefficients, R + and R − are the anechoic reflection coefficients, and the subscripts i = 1, 4 indicate the inlet and the outlet respectively and the superscripts ± indicate the direction of propagation along the x axis. The paper ofÅbom 7 reviews the ways of measuring these matrices.
The method of measurement used in the present study is called "the 2 sources method". Two measurements are made in two different states of the system. These different states are obtained by switching on the upstream source, the downstream source being switched off (measurement I), and then by switching on the downstream source, the upstream source being switched off (measurement II).
When the two measurements are done, the scattering matrix can be obtained with
(12) if the determinant of the right hand side matrix does not vanish (the superscripts I and II indicate that the quantity had be determined during the measurements I and II). This condition (p
II is the condition of independence of the two measurements.
The coefficients of the matrix in Eq. (12) can be found from the transfer functions between the different microphones by a relation of the type:
where H I uj ui is the transfer function between the microphones u j and u i obtains in the measurement I, k + and k − are the wavenumbers in the duct in the direction of the flow and in the reverse direction and x ui is the position of the microphone u i relatively to the inlet of the measured element. All the other matrix elements can be found on the same way (see Ajello   8 for details). Thus, the wavenumbers k + and k − have to be known to calculate the scattering matrix.
Inverse Method
Principle
For a given geometry, the four coefficients of the the scattering matrix in pressure for the plane waves of the lined wall with mean flow depend only of the admittance of the lined part of the wall. Thus, the admittance can be obtained by minimizing the absolute value of difference between the computed and the measured coefficients. The minimization is made with the function FMINSEARCH (using the Nelder-Mead simplex method) of MATLAB R . As the solution of the minimization is not unique, the choice of the starting point for the minimization is important. For the case without flow, the starting admittance is the admittance measured by a classical impedance tube of the sample. For the case with flow the starting admittance is the admittance without flow. Two liners have been tested. The first one is a structure of parallel and square channels (Fig. 6(a) ) which is supposed to be insensitive to nonlinear effects and the second one is Single Degree of Freedom liner (SDOF) with a perforated plate (Fig. 6(b) ) which is an industrial liner. The detailed characteristic of the two liners are:
a) The ceramic liner consists of a ceramic structure of parallel square channels: 1mm×1mm, 400 channel/inch 2 (This element is a part of a catalytic converter). The channels are rigidly terminated and ensure a locally reacting structure. The depth of the channels is 65 mm b) The SDOF liner consists of a plate of thickness 1.2 mm perforated with holes of diameter 1.3 mm with a Percent Open Area of 10.5 % glued on to an honeycomb structure with a depth of 37.5 mm (size of the cells ≈ 10 mm).
The admittance for these two liners were measured in a conventional normal incidence impedance tube. By varying the level during these impedance measurements, the linearity of the ceramic liner was verified.
Results for the Ceramic Liner
The reduced impedance of the ceramic liner is displayed in fig. 7 . The impedance measured with the impedance tube is plotted in continuous black line. The impedance deduced by the inverse method (by minimization of the error on T + ) without flow is plotted in red circle and the impedance deduced by the inverse method for a Mach number equal 0.13 is plotted in blue cross. The value of the impedance around the first resonance frequency of the liner (∼ 1150 Hz) is well described. Some discrepancies appear at low and hight frequencies. The transmission and reflection coefficients of the ceramic liner are displayed in fig. 8 . It can be observed that the fit of the coefficients T + and R − is rather good compared to the fit of the coefficients T − and R + . This shows that all the coefficients of the scattering matrix cannot be predicted with the same impedance. Thus some doubts on the validity of the hypothesis used in the calculation with uniform flow can be advanced. 
Results for the SDOF Liner
The reduced impedance of the SDOF liner is displayed in fig. 9 . This impedance is deduced by the inverse method (by minimization of the error on R + ) without flow. These curves demonstrate the ability of the method to measure industrial liners.
Conclusion
The multimodal method presented in this paper appears to be a efficient alternative to the usual direct numerical methods such as FEM for instance, since it necessitates less unknowns and thus less CPU time. That enables us to use it in a "naive" inverse method to obtain the impedance of the liner. The same method can be implemented with a parallel shear flow and further works are in progress to study the importance of 
